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Abstract-In this paper, some existence results for a variant of the general variational inequality 
introduced by M.A. Noor [l] are derived for nonmonotone operators under more general settings. 
1. INTRODUCTION 
Let B be a real Banach space, B* be its topological conjugate space and (u,~) be the paring 
between u E B and v E B*. Let Ii be a nonempty closed convex subset of B and T be an operator 
from K into B*. The classical variational inequality is to find 2 E K such that (u - z,Tz) > 0 
for all u E I<. This problem has been extensively studied both in finite- and infinite-dimensional 
spaces. See, e.g., [2-71. Th e variational inequality has been found very useful in many fields, 
such as operations research, optimization problems, economics equilibrium problems and free 
boundary valued problems. 
Let H be a real Hilbert space whose inner product is also denoted by (-, -) and let K be a 
closed convex set in H. Given two continuous mappings T and G both from H into itself, Noor 
[l] considered the following general variational inequality: Find u E H such that Gu E K and 
(Gv - Gu, Tu) 2 0, for all Gv E Ii’. (I) 
As has been remarked by M. A. Noor, problem (1) provides a unified formulation of the following 
problems: the classical variational inequality (when Gu = u E 10; the general nonlinear com- 
plementarity problem (when Ii is a convex cone in H); and the weak formulation of boundary 
value problem (when K = H). Noor [l] proposed an iterative scheme for solving the general 
variational inequality problem (1) under assumptions that T and G are both strongly monotone 
and Lipschitz continuous, respectively. 
The purpose of this paper is to investigate a variant of (1) and to derive some existence results 
for this variant problem for non-monotone operators. Let T and G be operators from B into B* 
and B, respectively. The problem that we shall study in this paper is to find 2 E K such that 
(Gu - Gz,Tz) 2 0, for allu E K. (2) 
Existence results for (2) will be helpful in the sense that one would like to know if a solution 
of (2) exists before one actually devises some plausible algorithms for solving (2). In Section 2, 
we give some preliminaries that will be used throughout this paper. Finally, in Section 3, we 
state and prove the main results of this paper. 
2. PRELIMINARIES 
Let L(B) denote the vector space of all bounded linear operators G : B + B with norm 
II G II= su~{Il Gx ll:ll x II= I]. S ince B is a Banach space, so is L(B). An operator T 
from K into B’ is said to be continuous on finite-dimensional subspaces if it is continuous on 
K fl M for any finite-dimensional subspace M of B with K n M # 0. The operator T is said 
to be completely continuous if it carries weakly convergent sequences into strongly convergent 
sequences. An operator G : Ii’ + B is said to be finite-dimensional if GK is contained in a 
finite-dimensional subspace of B. For any subset K of B, K, denotes the set consisting of all the 
points in K whose norms, are less than or equal to T. 
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3. THE MAIN RESULTS 
We shall need the following lemma before we state and prove our main results. 
LEMMA 3.1. Let A4 be a finite-dimensional Banach space, T a continuous operator of M into 
M’, G a linear operator of M into M, A’ a nonempty compact convex subset of M. Then there 
exists z E I< such that 
(Gu - Gx,Tx) 2 0, for all u E K. 
PROOF. Suppose that the conclusion of Lemma 3.1 was false. Then for each u E K, there exists 
v E K such that 
(Gv - Gu,Tu) < 0. 
For a fixed v in K, the set K(v) = {u E I< : (Gv - Gu,Tu) < 0) is open in K since T and G 
are continuous. The family of open sets {I<(V) : ZI E I<} forms an open covering of K. By the 
compactness of K, there exists a finite set {VI,. . , v,} in Ii’ such that K = UE”=, K(Q). 
Let {PI,... ,&} be a partition of unity on Ii corresponding to the open covering {K(Q), 
, . . ,K(vm)} such that for all u E K’, 0 5 pi(u) < 1 and Cz=, pi(u) = 1. Define F : IT -+ A’ 
by 
Fu = &i(u)vi. 
i=l 
Since /$ is continuous for each i, so is F. Now for each u E Ii’, 
(Gu - GFu,Tu) =(Gu - G~Pi(u)vi,Tu) 
i=l 
= (Gu - ‘&i(u)Gvi,Tu) 
i=l 
= &(u)(Gu - Gvi,Tu) 
i=l 
> 0. 
However, F has a fixed point in K, say x, by the Brouwer fixed point theorem. Then 
0 = (Gx - GFx,Tx) > 0, 
which is a contradiction. Therefore, the conclusion of Lemma 3.1 is true. 
Now, we state and prove the main result of this paper. 
I 
THEOREM 3.2. Let Ii be a nonempty weakly compact convex subset of the real Banach space B. 
Let T be operators from B into B’ and G E L(B) which is also finite-dimensional. Suppose that 
the following conditions are satisfied: 
(i) T is continuous on finite-dimensional subspaces, 
(ii) if {x,) converges to 2 weakly, then 
ljmjnf(y,Tx,) L (y,Tx), n-+CO y E B, 
(iii) the function 2 t-* (Gz, Tz) is sequentially weakly lower semicontinuous. 
Then there exists x E Ii such that 
(Gu - Gx,Tx) > 0, for all u E K. (3) 
PROOF. For each y E Ii, let V(y) = {x E Ii : (Gy - Gx,Tz) 2 0). The set V(y) is 
nonempty since y E V(y). Suppose that {xn} is a sequence in V(y). Since li is weakly compact, 
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without loss of generality we may assume that {cn} converges to some 2 E K weakly. Since 
(GY - Gxn,WJ L 0, (GG,%,) L (GY,%) f or each n. By (ii) and (iii), we have 
(Gz, 5”~) <liminf,,+, (Gx,, Tzn) 
_<liminf,,+, (Gy, T;cn) 
I(Gy, TX:). 
Consequently, (Gy - Gx,Tx) 2 0 and therefore x E V(y). H ence V(y) is weakly sequentially 
compact and hence weakly countably compact (see, e.g., [B, Theorem lB.A]). By Eberlein’s the- 
orem [B], V(y) is weakly compact for each y E K. 
Suppose that (~1,. . . , y,,} is any finite subset of K. Let M be the subspace of B containing 
GB and {yl,... , yn}. Let PM be the injection of M into B and let P& be its adjoint. Then the 
operator Tl = P&TPM : Ii’ II M - M’ is continuous. For x, y E K n M, note that Gx E M 
and (Gx,Ty) = (Gx,Tly). Th ere ore, by Lemma 3.1, there is x E K n M such that f 
(Gy - Gx,Tx) =(Gy - Gx, Tlx) 
LO, forallyEI<rlM. 
In particular, 
(Gyi - Gx,Tx)>O, fori = l,..., R. 
Consequently, n;=‘=, V(yi) is not empty. Therefore, the family of sets {V(y) : y E I(} has the 
finite intersection property. Since I< is weakly compact, it follows that nYEK V(y) # 0. Since 
any x E nYeK V(y) is a solution of (3), the result follows. I 
We now extend Theorem 3.2 to the case where the set Ir’ is not necessarily bounded. 
THEOREM 3.3. Let A be a nonempty closed convex subset of the reflexive real Banach space B. 
Let T be an operator from B into B’ and G E L(B) w ic is also finite-dimensional. If in h h 
addition to conditions (j), (i;) and (iii) of Theorem 3.2, we also suppose that there exists IO E li 
such that liminfil,l++w, zEK (Gx - Gxo,Tx) > 0, then there exists x E K such that 
(Gu - Gx,Tx) > 0, for allu E Ii. 
PROOF. Let m be a positive integer such that x0 E I(,. Since B is reflexive, K, is nonempty 
weakly compact and convex for all n > m. By Theorem 3.2, for each n 2 m there exists x, E K, 
such that 
(Gu - Gx,,,Tx,) 2 0, for allu E Ii’,. 
In particular, 
(Gxo - Gx,,Txc,) 2 0, for alln > m. 
Therefore, the sequence {x,} must be bounded by assumption. Without loss of generality, we 
may assume that {xcn} converges to some x E K weakly. For each u E K, let k > m be such that 
u E Kb. Then, we have (Gu, TX,) 2 (Gx,, Txn) for all n 2 Ic. By the same argument as that in 
Theorem 3.2, we can show that (Gu - Gx,Tx) 2 0, for all u E Ii. Hence the result follows. m 
The following corollary is a direct consequence of Theorem 3.3. 
COROLLARY 3.4. Let I< be a nonempty closed convex subset of the reflexive real Banach 
space B. Let T be a completely continuous operator from B into B’ and G E L(B) which 
is also finite-dimensional. Suppose that there exists x0 E li such that liminf&,+~, zE~(Gx 
- Gxo,Tx) > 0. Th en there exists x E IC such that 
(Gu - Gz,Tx) 2 0, for alla E K. 
PROOF. The result follows directly from Theorem 3.3 and the observation that since G E L(B) 
and is finite-dimensional, it is completely continuous. I 
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